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three-dimensional theory with classical OSp{S\4) symmetry that admits a Lagrangian de- 
scription. We also show that one can derive the four-point amplitude of the ABJM theory 
from our = 8 result by reducing the supersymmetry, which implies that the tree-level 
Yangian symmetry recently found in ABJM is also present in BLG. In six dimensions, we 
find that the consistency conditions imply that all tree-level amplitudes vanish. This leads 
us to conjecture that an interacting six-dimensional theory with classical OS'p(8|4) symmetry 
does not have a Lagrangian description, local or nonlocal, unless the (2, 0) tensor multiplets 
are supplemented by additional degrees of freedom. 
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1. Introduction 



In recent years, the study of scattering amplitudes of four dimensional (super) Yang-Mills and 
(super) gravity has revealed many surprises. These include new symmetries, structures [1, 2, 
3, 4] and dualities [5, 6, 7]. These results are at times obscure from the point of view of 
the action, and only become manifest when one considers on-shell objects such as S-matrix 
elements. Many of these advances are largely due to the spinor-helicity formalism which 
uses (super)twistors to covariantly parameterize on-shell momenta, polarization vectors, and 
(for supersymmetric theories) on-shell multiplets. The progress that has been made in four 
dimensions inspires one to look for hidden structures in the amplitudes of massless theories 
m. D ^ A dimensions. 

In four dimensions, the supertwistors are in the spinor representation of the superconfor- 
mal group SU{2, 2| A^). There are two other well known cases where a supertwistor represen- 
tation exists: in three dimensions where the superconformal group is OSp{N\4:), and in six 
dimensions where it is 05'p*(8|2A^)[8, 9]. Recently, these (super)twistors have been used to 
study amplitudes of various theories in three and six dimensions [11, 12, 13]. In this paper, 
we would like to consider amplitudes of maximal superconfomal theories. 

Maximal theories in three and six dimensions should describe the low energy dynam- 
ics of the world volume theory of M2- and M5-branes, which are the fundamental objects 
of M-theory [10]. In particular, the world- volume theory for multiple M2-branes is three- 
dimensional with 05p(8|4) symmetry and the world- volume theory for multiple M5-branes 
is six dimensional with 05p*(8|4) symmetry. The first three-dimensional theory with classi- 
cal OSp{8\4:) symmetry was constructed by Bagger, Lambert, and independently Gustavsson 
(BLG) [14]. This theory was based on a totally anti-symmetric 4-index structure constant 
which obeys a generalization of the Jacobi identity. Furthermore, it describes two M2-branes 
propagating in a non-trivial spacetime background. Unfortunately, it does not seem possible 
to generalize this theory to describe an arbitrary number of M2-branes without sacrificing 
classical OS'p(8|4) symmetry. Indeed, the theory describing an arbitrary number of M2- 
branes, which was discovered by Aharony, Bergman, Jafferis, and Maldacena (ABJM), only 
has classical 05p(6|4) symmetry [15, 16]. 

Although there's been a lot of progress in constructing the world-volume theory of mul- 
tiple M2-branes, the world- volume theory for multiple M5-branes remains a mystery. A lot 
of progress can be made, however, if the two dimensions of the M5-branes wrap a Reimann 
surface with punctures giving rise to a four-dimensional theory [17]. Since the six dimensional 
theory is inherently strongly coupled, a Lagrangian description may not exist [18] , but if such 
a description is possible, the degrees of freedom should include (2, 0) tensor multiplets, each 
of which contains 5 scalars, 2 Weyl fermions, and a 2-form gauge field with self-dual field 
strength [19]. Constructing an interacting Lagrangian using tensor multiplets is challenging 
because the constraint of conformal invariance severely restricts the types of interactions one 
can have. For example, a four point contact term of scalars would already have mass di- 
mension 8 requiring a coupling constant with mass dimension -2. Furthermore, it is difficult 
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to construct theories of self-interacting self-dual tensor fields even without the constraint of 
conformal invariance. For the world-volume theory of a single M5-brane (where all the in- 
teractions break conformal invariance), this can be achieved either by sacrificing manifest 
Lorentz invariance [20] or by introducing an auxiliary scalar which enters the action in a non- 
polynomial way [21]. It is natural to try generalizing the world- volume theory for a single 
M5-brane to describe multiple M5-branes by introducing non-abelian group structure, but it 
is unclear how to define a non-abelian anti-symmetric tensor field. 

One of the biggest advantages to working with S-matrix elements in supertwistor space is 
that one can gain insight into a superconfomal theory even if one does not have an action at 
hand. Indeed, we will try to answer the following question: assuming the existence of a not yet 
found action, can one obtain information about this action by constructing superconformal 
invariants and imposing consistency conditions such that the invariants can be interpreted 
as amplitudes? Note that this question is valid even if the coupling constant of the action is 
large and a perturbative expansion is meaningless. The reason is that if one had an action, 
one could still naively compute tree level amplitudes obtaining rational functions of kinematic 
invariants that obey the symmetries of the action. Hence, by searching for superconformal 
invariants that are rational functions, one should obtain information about the structure of 
the unknown action, even if it is nonlocal. 

The drawback of this approach, however, is that superconformal invariance may not be 
enough to uniquely fix all the amplitudes. Indeed for = 4 sYM, it is only after imposing 
(dual)superconformal symmetry and the correct collinear factorization that one completely 
fixes the tree-level amplitudes [24]. This ambiguity is not an issue for lower-point amplitudes, 
however. For example, conformal invariance is sufficient to fix the three point amplitude 
of Yang-Mills, which is totally anti-symmetric and thus implies that theory has a totally 
anti-symmetric three-index structure constant. 

For the amplitudes that we consider, superconformal invariance provides very stringent 
constraints. For example, in three dimensions we find that all odd-point amplitudes vanish. 
The fact that the three-point amplitude vanishes in turn imposes an additional constraint on 
the four-point amplitude, namely that the residue in all channels must vanish. This uniquely 
fixes the four-point amplitude, and implies that the theory has a totally anti-symmetric four- 
index structure constant. Furthermore, we find that the four-point amplitude matches that 
of the BLG theory. These results suggest that the BLG model is the only theory with a 
Lagrangian that has classical 05p(8|4) symmetry and is unitary.^ In six dimensions, we 
find that the three-point amplitude also vanishes and that we cannot construct a rational 
superconformal four-point amplitude which has vanishing residues in all channels. We extend 
this analysis to show that all tree-level amplitudes must vanish. This leads us to conjecture 
that a superconformal interacting Lagrangian cannot be constructed using only (2, 0) tensor 

'^It has been argued that the superconformal symmetry of ABJM becomes enhanced to 05'p(8|4) at level 
k — 1,2 with the inclusion of monopole operators [22]. This introduces new degrees of freedom that are not 
included in our on-shell multiplet. The uniqueness of BLG can also be derived by coupling the vector and 
scalar multiplets in A/" = 8 superspace and requiring conformal invariance and polynomial interactions [23] . 
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multiplets, although it may be possible to construct a Lagrangian if one introduces additional 
degrees of freedom. 

In the process of completing this paper, a paper was posted which uses three-dimensional 
twistor techniques to construct scattering amplitudes in the ABJM theory [25]. In this work, 
the authors showed that the four and six-point tree amplitudes are invariant under a Yangian 
symmetry. Since the Yangian generators are built out of OS'p(6|4) superconformal generators, 
and the BLG theory has 05'p(8|4) superconformal symmetry, one might expect that the tree- 
level amplitudes of the BLG theory are invariant under a Yangian symmetry based on the 
OSp{6\4:) subgroup of OS'p(8|4). In fact, we will demonstrate that the four-point amplitude 
of ABJM can be derived from our M = 8 super amplitude, implying that the four-point 
amplitude of BLG also has Yangian invariance. 

This paper is constructed as follows. In the next section we give a brief description of 
supertwistors in three dimensions and use them to write the superconformal generators in 
twistor space. In section 3, we introduce harmonic variables to pick out the independent 
fermionic supertwistor components, which allows us to construct an on-shell superspace. We 
find that all of the on-shell degrees of freedom for the three-dimensional theory can be encoded 
in a scalar superfield defined on this space. In section 4, we begin our construction of S-matrix 
elements in three dimensions by identifying the Lorentz-invariant building blocks. We then 
demonstrate that a conformally invariant three-point amplitude cannot be constructed. This 
leads to collinear constraints that uniquely fix the four-point amplitude. We then show 
that our four-point superamplitude matches with the component result of BLG. We close this 
section by extracting the four-point amplitude of ABJM from our BLG result. In sections 5,6, 
and 7 we repeat these steps for six dimensions, and show that all tree-level amplitudes vanish. 
Section 8 presents our discussion and conclusions. In Appendix A, we review the BLG and 
ABJM theories. In Appendix B, we define color-ordering for the bi-fundamental formulation 
of the BLG theory and use it to compute the tree-level four-point scalar amplitude. In 
appendix C, we describe some properties of SU{2) spinors which are useful for analyzing 
three-point amplitudes in six dimensions. 

2. 3D Supertwistors and Superconformal Generators 

The supertwistors for a maximal superconformal theory in three dimensions with 50(8) R- 
symmetry are in the spinor representation of the supergroup 05^(814): 

C^= (j^i^ , /^ = l,-,4, 1=1,-, 8. 

The bosonic part of the twistor is a four-component spinor transforming in the 4 of 
50(3,2) = Sp{4), while the fermionic part rj^ is an eight-component spinor transforming in 
the 8„ representation of Spin{8). These twistors are real and self-conjugate, i.e. they satisfy 
the following canonical commutation relations: 

[e,n = ^'"' w,r,'} = s'', (2.1) 
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where Q,^'^ = —Qy^^ and 6^'^ are the Sp{A) and SO{S) metric respectively. Note that the 
superalgebra metric is given by G^^ where G^-^ = 5^-^, G^"" = and ah other components 
are zero. The superconformal generators are then simply 

Gmjv = C[mCx)^ (2-2) 

where one antisymmetrizes with respect to SO (8) indices and symmetrizes with respect to 
Sp{4:) and mixed indices, i.e. ^I^-^) = I {A^-^ -A-^^), A^'"'"' = ^ {A>"' + A"''), and A^''^'^ = 
^ (A'^^ + A^^^. Using the commutation relations in eq.(2.1), one can show that G-'^ j\f repro- 
duces the superconformal algebra. 

The 5*^(4) spinors can be broken into two SL{2, R) spinors 

^^=(^^J^y [A",/x^] = <5^, a = 1,2 

where the A"'s are the usual SL{2, R) spinors used for the bi-spinor representation of massless 
momenta: 

Note that this gives three components since the right-hand-side is symmetric in the spinor 
indices. The superconformal generators can now be written in terms of 3D Lorentz indices 
by noting that 50(2, 1) = SL(2, R) and taking — >• — g£s : 

pa/3 ^ (3) 

M% = A"^-r,V^ (3) 
R'j = 'l'lJ-\s', (28) 



S. 



a 



1 . f d d d . . . 



(2.3) 



The numbers in the parentheses are the number of group elements. One can check they indeed 
generate the superconformal algebra, 

{QJ, Q^j] = P'^^Su , {Si, S'p} = K^p5" 
{SlQ^j} = 5i{5'jD + R'j) + 5'jMj 
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The constant in the dilatation operator can be fixed by the algebra in the last line. This 
constant basically counts the engineering dimension of a scalar, which is ^ in three dimensions. 
Note that in contrast to = 4 sYM, the fermionic generators are linear combinations of a 
one-derivative operator with a zero or two derivative operator. This is due to the fact that 
the ry^'s are self-conjugate. In the next section, we will describe how to project out the 
independent fermionic components using harmonic variables. 

3. 3D A/" = 8 On-shell Superspace 

In this section we would like to setup the on-shell superspace. This will allow us to define a su- 
perfield whose superspace expansion contains the complete on-shell multiplet, which contains 
eight scalars (f)"^ and eight two-component Major ana spinors il^^. We will use conventions 
where the scalars and fermions are in the 8^ and 8c representations of Spin{8), respectively. 

Since rj^ is self-conjugate, it only contains 8/2=4 degrees of freedom, which correspond 
to the number of on-shell supersymmetries. In order to use it to parameterize the on-shell 
multiplet, we need to project out its independent components. Note that this problem is 
similar to that of constructing an off-shell formulation for extended supersymmetric theories. 
There the problem is to find a set of to constrain some superfield W{x, 9, 9) (in the form of 
the Grassmann analyticity condition D^W = [26]) without implying field equations through 

where g^'^ is the metric for the R symmetry group. One solution is to use coset variables to 
project out a set of anti-commuting Dj^'s [27]. In particular, one introduces bosonic variables 
lij which parameterize the coset G/H, where G is the R-symmetry group acting on the index 
/, and H is some subgroup (usually the Cartan subgroup) acting on the index i. Then one 
finds a subset of u] such that u^u'jg^^ = 0. This leads to a set of projected D^^ = u\D^ which 
anti-commute: 

{Di,Dl} = -^4g'^^^^^, = 0. 

Similarly, we can use harmonic variables to pick out a set of r]'s which anti-commute. In 
principle, we can choose any four linearly independent combinations of r/'s to define the 
on-shell superspace, however we would like to have a book-keeping device to restore the 
50(8) invariance of the amplitudes, which requires us to break R-symmetry in a covariant 
manner such as the coset approach. One can also choose to proceed without manifest R- 
invariance. Then one would be required to impose R-invariance as an additional constraint 
on the amplitude, as was done for ABJM [25]. 

The harmonic variables we use will be the coset variables for jjjj^ [28]. One introduces 
three different harmonics, t;}, u^, tt'^, corresponding to the three irreducible representations 
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of Spin{8): 8^,8s,8c. These are 8x8 orthogonal matrices satisfying 

Y^vWj = 6'^, Y.<^A = S''', Y.^\n\ = 5'' (3.1) 
I A A 

and are related via 

u\{T%au\ = v\{T^)^j,. (3.2) 

The harmonic variables can be thought of as vielbeins of the coset, with the indices /, A, A 
transforming under the global S0(8). Furthermore, i,a,d can be labeled by charges under 
the four ?7(l)'s. Different combinations of U{1) charges, denoted as it, (it), {it}, [it], give 
different representations: 



(a) 
(d) 



++ — (++) (— ) [+]{+} [-]{-} [+]{-} [-]{+} 

+(+)[+] +(+)[-] -(-)[+] -(-)[-] +(-){+} +(-){-} -(+){+} -(+){-} 
+(+){+} +(+){-} -(-){+} -(-){-} +(-)[+] +(-)[-] -(+)[+] -(+)[-]• 



Note that the first four elements in the 8y representation have vectorial charge while the 
last four have spinorial charge. This is because the last four elements form an 50(4) = 
SU{2) X SU{2) subgroup, and therefore are more conveniently written in bispinor form. We 
refer the reader to the original work for a detailed explanation of the decomposition of the 
charges [28]. 

We will construct the superspace coordinates using the harmonics in vector representation 
of Spin{8), v\. The anti-commutator algebra of r/* = v^t]^ is: 

{?7++,r/--} = r/(--)} = {ry[+l{+},r/[-l{-}} = j^Hi+l} = i (3.3) 

with all other anti-commutators vanishing. From the above equation, we see that one choice 
of four anti-commuting ?7's is: 

l^' ? = 1, 2, 3, 4, ^ 7?i = 77++, rf = 7?(++), rf = t?^ = r?W^-> 



77 = Vjrj , I 



These will be the four fermionic coordinates of the on-shell superspace. Then the superfield 
has the following expansion: 

+V'v'ri^v\^^''')ajf^y (3.4) 

The subscripts in parenthesis indicate at which order in the rj expansion each component 
appears. Thus there is 1 (/'(o)^) 4 6 4>{2)^ ^ ^^(3)1 a-^id 1 4>{^iy Note that the repeated index 
i is summed from 1 to 4. 

To make the R-indices of the fields manifest, one simply uses the fact that the U(l) 
charges of each term in the expansion of the superfield are the same. For example, if we 



-7- 



choose the on-shell superfield $a to have the U(l) charges +(+)[+], then up to hnear order 
in the ry* expansion we have: 



+^+J{.yu-^-^^~^^Pf,^ + ■■■. (3.5) 

where • • • represents the higher order terms. This equation is easily estabhshed by counting 
the charges. In particular, </'(o)+(+)[+] ~ '^a' ^4''^^ ^^'^ the four ip'^^s appearing in eq.(3.4) 



are 



(1) 



^-(-){+} = • 



A 

Note that since the gamma matrices in eq.(3.4) are Clebsch-Gordan coefficients, in the U{1)^ 
basis they reduce to 1. 

The on-shell superspace for n particles is described by the coordinates Am and 7?m, where 
m = 1, • • •, n. Any super amplitude can be written as a function of these on-shell coordinates. 
Note, however, that a superamplitude encodes the scattering of all possible component fields, 
or particle species. To extract the scattering amplitude for a particular set of component 
fields, one simply integrates away the fermionic superspace coordinates while making the 
following associations: 



1 



a' Vln ~ ^mVin ~ C(2)' VlnVLVm ~ C(4)' VlnVLV^vL ~ C(4)- (3-6) 



After doing so, the component fields will still be dressed by the harmonic variables. The final 
step is to restore the R-indices by integrating away the harmonic variables. 

We define the harmonic integration, which removes the harmonic variables, following the 
prescription of the four-dimensional M = 2 case [26] 

dv 1 = du I = du 1 = I 



Jdvv}. ..SlT_.e. = / . = / -^l.^... = 0. (3.7) 

The notation \Traceiess indicates that one isolates the part of the integrands that is traceless 
with respect to the indices /, A, A. The definition of these harmonic integrals implies that 
one is picking out pieces that are R-singlets. The R-singlets come from the repeated use 
of eq.(3.1) and eq.(3.2) on any function that depends on harmonic variables. Note that the 
harmonic integration will result in all possible R-index contractions between different legs. 



- 8 - 



4. S-matrix for 3D J\f = 8 Superconformal Theories 

Equipped with the on-shell superspace, we now introduce the building blocks for the con- 
struction of superconformal amplitudes. First we define the supermomentum delta function: 

SHQ')S\Q')S'{Q')5HQ') = S (Qi") 6 {Qi) 5 (q^/^) 6 (Q^) s (Q^^) s (q3) s (Q^p) 5 (Q^) 

where 

n 
i=l 

and the summation is over all external lines, which are labeled by i. The Q*" should not 
be confused with the supersymmetry generators defined in eq. (2.3). The Lorentz invariant 
objects are then: 

. <53(p) and <52(Ql)52(g2)^2(g3)^2(g4) 
• Pi-Pj = -li^j)"^ 

With these building blocks, we can now begin our construction of amplitudes. 
4.1 3-point S-matrix 

Lorentz invariance implies that the three-point amplitude should have the following form: 

A; = 5\P)f{pi,qjAk), 

where / is some general Lorentz-invariant function of p, g, A. We also require that this am- 
plitude is dilatation invariant 

3 

i=l 

Since the momentum delta function has mass dimension —3, we can permute the dilatation 
operator past it, picking up a factor of —3: 

V6\P)f{p,, qj, Afc) = 6^{P) (V - 3) f{pi, q„ Afc) 

The factor | is due to the constant in the dilatation operator. In order for ^3 to be dilata- 
tion invariant, the function / must have weight | under the operator Yli=i ^-^f af" ' which 
essentially counts the mass dimension. Since all the building blocks introduced in the pre- 
vious section have integer mass dimensions, it is impossible to construct a Lorentz-invariant 
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function / such that "DA^ = 0. Therefore Lorentz and dilatation invariance rule out the 
possibility of constructing a superconformal on-shell three-point amplitude. In fact, it's not 
difficult to see that this is true for any odd-point amplitude, since there will be a fractional 
constant coming from the dilatation operator that cannot be canceled by any rational function 
of Lorentz invariants. 

It should be noted that three-point amplitudes for massless particles in Minkowski space 
generally vanish by kinematic constraints since momentum conservation implies vanishing 
Lorentz invariants. For example, S12 = {pi +^2)^ = P3 = 0. In more than three dimensions, 
this can be overcome by working with other space-time signatures. For example, in four 
dimensions, the kinematic invariants can be written in terms of SL(2, C) spinors as follows: 

If one works with split signature, then (Aj)" 7^ (Aj)". As a result, if Sij = this only implies 
that {ij) or [ij] vanishes while the other can remain nonzero, allowing one to write down 
non-zero three-point amplitudes. 

In three dimensions, all the kinematic invariants will vanish regardless of the signature 
since Sij = —{ij)"^. Nevertheless, the analysis we presented in this section is still useful because 
it carries over to six dimensions, where non- vanishing Lorentz invariants can be defined for 
three-point amplitudes. 

4.2 4-point S-matrix 

We now move on to the four-point amplitude. In order to have manifest supersymmetry, 
we assume the amplitude is proportional to both the momentum and supermomentum delta 
functions: 

where 5^{Q) = 5'^{Q^)5'^{Q'^)5'^{Q'^)5'^{Q'^). Applying the dilatation operator gives 

V6\P)5\Q)f{p,, qj,Xk) = S^'iP) {V -3 + 4 + 2) f{p.„ qj, Afc) (4.2) 

where the +4 comes from the supermomentum delta function and the +2 comes from the 
constant in the dilatation operator. This implies that the function / should have weight —3 
under V. Since we cannot introduce any more g's ^, this leads to the result that the 4-point 
amplitude has the following schematic form: 

In the remainder of this subsection, we show that this general form already has full supercon- 
formal symmetry. We will fix the precise form through additional symmetry and consistency 
conditions in the next subsection. 



^To see this, we note that from eq.(3.6), the four-point scalar amphtude (which is a component in the 
superamplitude) carries rj^. 
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The above amplitude has manifest super Poincare and dilatation invariance. To prove 
superconformal invariance, one only needs to show that it is invariant under the fermionic 
generators involving two derivatives. Invariance under the other generators of the supercon- 
formal group then follows from the closure of the algebra. We therefore consider 

_d__d_. 



(A, 



d 



diXi 



'-f d{\i)^ d{mY dQ^(^' 

Aa. 



(4.4) 



For simplicity, we denote P^a = Y^ii'^i)'^ a = Qiiry^ ■ Now we look at how (Pi)'^Q 

acts on each part of the amplitude. First consider S^{P): 



V 



QpaS 



(4.5) 



where in the last line we used J dx xdx6{x)f{x) = — J dx5{x)f{x) and 



dP 



B5 



Next, let's look at the term involving the supermomentum delta function: 



d 



6HQ')6\Q')6\Q')6\Q^) 



= 2^5\Q')5\Q^)5\Q^)5\Q^) 

where we've noted that 2Q'I^(^^ = biCt^Ct-^ = d^6^{Q'). Finally, let's look at the action of 
(^i)^ a on the kinematic factor. Noting that 



we find 



1 



' {ij){kl){mn) 
Putting everything together, we have 



{ij) {kl) {mn) 



(4.6) 
(4.7) 



d d 



T^4 = (4-3 + 2-3)^^4 = 0. 
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Therefore A4, is indeed a superconformal invariant. 

One can try to extend the ansatz in eq (4.3) to describe n-point amphtudes with n = 2m, 
m > 2. If we assume that the fermionic contribution comes solely from the supermomen- 
tum delta function (which would resemble the MHV amplitudes of = 4 sYM), dilatation 
invariance would restrict the amplitude to have the following schematic form: 



{ij) . . . {Ik) 



1 + m 

For n > 4, however, this is not a superconformal invariant since 

We therefore conclude that higher-point superconformal amplitudes require additional g's. 
4.3 Consistency Conditions on the 4-point Amplitude 

To find the correct combination of Sjj's for the four-point amplitude in eq (4.3), we will 
implement various consistency conditions. Depending on the gauge algebra from which the 
interacting theory is built, amplitudes will be required to satisfy certain symmetry properties 
or identities. We can then check if our basis of superconformal amplitudes provides a solution 
to these constraints. Furthermore, since the three-point amplitude vanishes, this imposes a 
further constraint through factorization; namely that the four-point tree amplitude should 
have vanishing residue in all channels. 

It is a forgone conclusion at the onset that the theory whose amplitudes we are construct- 
ing is not a Yang-Mills theory, since the action of Yang-Mills is not even classically conformal 
in three dimensions. However it is instructive to show that superconformal invariance leads to 
the violation of an important property of Yang-Mills amplitudes called the photon-decoupling 
identity. 

In a YM theory, the tree-level scattering amplitude for n gluons can be written as 

<Mn = 9"-' E TriT'^'---T^")A'rMn{h2r-;n) (4.8) 

where the SU{N) generators appearing in the trace correspond to the external gluons and 
the sum is over all non-cyclic permutations of the external legs. This decomposition of 
the of amplitude is known as color-ordering and Ay'^jn referred to as the color-ordered 
partial amplitude {AyMn called the color-dressed amplitude). Note that the sum can be 
implemented by keeping the first external leg fixed and summing over all permutations of 
legs 2 though n. Since the trace is cyclic symmetric, the same is true for the color-ordered 
amplitude. Also note that Ay^^(l, 2, • • •, n) can be taken to be planar since the non-planar 
contributions to the color-dressed amplitude will come from the non-cyclic permutations. 
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If we replace one of the generators by the identity matrix (which corresponds to intro- 
ducing a U{1) gauge field), then eq.(4.8) vanishes since the photon decouples. This is the 
photon-decoupling identity [29]. Choosing to be 1, the color trace becomes a trace over 
the remaining n — 1 objects, and cyclic rotation of these n — 1 generators will have identical 
color factors. In this case, eq.(4.8) can only vanish if the partial amplitudes with the same 
color factors add to zero. For a four-point amplitude, this leads to the identity 

A{1, 2, 3, 4) + ^(1, 3, 4, 2) + A{1, 4, 2, 3) = 0. (4.9) 

If the three-dimensional theory we are studying in this paper corresponds to a non-abelian 
YM theory, then we should be able to choose the Sij's in eq (4.3) such that eq.(4.9) is satisfied. 

If we specialize eq (4.3) to be a color-ordered amplitude, that means that it cannot have 
poles in the u channel since this would correspond to a non-planar contribution: 

^4(1, 2, 3, 4) ~ 6\P)6^Q) (aM + /J^^ + 7^) • (4.10) 

Using momentum conservation one can show that 

(12) = (34), (23) = (14), (13) = (42). (4.11) 

Note that while (12) = (34) is only true up to a sign, this sign will fix the relative sign of the 
other spinor inner products through momentum conservation. For example, if (12) = (34), 
then we have 

(12)(23) = -(14)(43) = (14)(12) ^ (23) = (14). (4.12) 

Plugging eq. (4.10) into eq.(4.9) and using the relations in eq (4.11) gives a = (3 = -y. This 
leads to 

A.(1.2.3.4)~.WW)( "^'^'^j'^'^^' ). 

Since we are constructing a color-ordered amplitude, it should be cyclic symmetric, but this 
solution is obviously not. Therefore we find that there is no superconformal solution that 
satisfies both cyclic symmetry and the photon-decoupling identity. This is consistent with 
the fact that YM in three dimensions is not classically conformal. 

We now consider the constraint coming from factorization. Since we found that the 
three-point amplitude vanishes, this requires the residue of A4 to vanish in all channels as 
well. A simple analysis will show that our ansatz for the color-ordered amplitude in eq.(4.10) 
does not admit a cyclic symmetric solution with the correct factorization property, so we will 
consider the color-dressed amplitude for which we propose the following ansatz: 

A~<5'(P)5^Q)^. 
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Here f{\i) is a polynomial of spinor inner products with mass dimensions three. The require- 
ment of vanishing residues uniquely fixes ^4 up to a constant:^ 

stu 

For example the s-channel residue, ~ ii^KMKM.^ vanishes since 

s = 0^ (12) = 0. 

The same applies to all other channels. 

Notice that eq.(4.13) is totally antisymmetric with respect to the exchange of any pair of 
indices. Indeed, 

stu stu 
1 « 4 : A = ^»(P)j''(e)MMM ^ ,3(p),.(Q)(42)(43)(23) _ 

stu stu 

(4.14) 

where we used eq.(4.11) in the last line. This implies that the three-dimensional theory can 
be formulated in terms of a totally anti-symmetric four-index structure constant f°-^'^'^. Such 
a structure constant also appears in the BLG theory when it is formulated as an 5*0(4) gauge 
theory (see Appendix A for more details). Later, we will demonstrate that our four-point 
amplitude matches the component result of the BLG model. Our analysis therefore picks 
out the BLG theory, suggesting that it is the only three-dimensional theory with maximal 
superconformal symmetry that admits a Lagrangian description.^ From this point of view, 
it is not surprising that we found that all odd-point amplitudes must vanish. In particular, 
since all odd-point amplitudes in the BLG theory have a Chern-Simons gauge field in at least 
one of their external legs, they must vanish since the gauge fields have no propagating degrees 
of freedom. 

4.4 Comparison to BLG 

In this subsection, we will compute the tree-level four-point scalar amplitude of BLG using 
Feynman diagrams and match it with the scalar component of the four-point superamplitude 
constructed in the previous subsection. It follows from supersymmetry that all the other 

^We note that there may be an issue of whether or not the residues vanish fast enough, however this is 
the only possibility which can have vanishing residues. Furthermore, in the next section we will show that 
this result agrees with the four-point amplitude of the BLG theory, which also has a vanishing three-point 
amplitude. 

''Note that the structure constant in the BLG theory is constrained to be by the fundamental identity 
in eq.(A.l). At the moment, our analysis does not constrain the structure constant to obey the fundamental 
identity, but we expect that this constraint will appear after constructing the six-point amplitude and imposing 
various consistency conditions. 
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components in the expansion of the four-point superampHtude match the BLG theory as 
weh. 

Before describing the four-point calculation, we would like to point out why the BLG 
theory evades the photon-decoupling identity described in the previous subsection. This can 
be seen group theoretically by noting that the BLG theory can be written as an 50(4) 
gauge theory with matter in fundamental representation. In this formulation, the photon- 
decoupling identity is not well-defined because one cannot define color-ordering. On the 
other hand, it is also possible to write the BLG theory as an SU{2) x SU{2) gauge theory 
where the matter transforms in the bi- fundamental representation of SU{2) x SU{2). In 
this case, color-ordering can be defined (as demonstrated in Appendix B). Nevertheless, the 
photon-decoupling identity is evaded. The basic reason is that if one adds a U(l) component 
to the gauge field in a pure Yang-Mills theory it will completely decouple, but if one adds a 
component proportional to the unit matrix to one of the scalar fields in the BLG theory it will 
not decouple. As a result, if we replace one of the generators associated with an external leg 
in a four-point amplitude by the unit matrix, the amplitude must vanish in a pure Yang-Mills 
theory but not in the BLG theory. Similar arguments apply for the ABJM theory. 

It is easiest to compute the four-point scalar amplitude when the BLG theory is written 
as an 50(4) gauge theory. For the analogous calculation carried out using bi-fundamental 
notation, see Appendix B. The terms in the action that are needed to compute the amplitude 
are 

Z o 

where / = 1, 8 and a = 1, 4. The covariant derivative of this theory is given by D^X\ = 
dfj_X^ + gA^ab^^^ ■ Note that A^ab = —A^ha, so the covariant derivative can also be written 
as Dfj_X[ = dfj_X[ + geabcd.A'^X^'^, which matches the conventions of various other papers. 
See appendix A for more details. Since the gauge field only appears on internal lines, its 
normalization isn't important. One can also add the following gauge-fixing term [30]: 

Cgf = ^^e^'''%A^^,d,A^^, + ghosts 

where ^ is a gauge-fixing parameter. After transforming to momentum space, the kinetic and 
gauge-fixing terms for the gauge field become 

where 

j^/iiyabcd _ ^abcd ^_igAi!^A^^ _|_ l^/i^i^^ _ 

The propagator for the gauge field is therefore 

■fT^-i\ ^ f X iiPi^pA 1 
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Figure 1: 3-pt vertex for SO (4) BLG theory 






Figure 2: Tree-level 4-pt scalar amplitude for S0(4) BLG theory 



Furthermore, the 3-point vertex depicted in Figure 1 is given by 

-9{Pa-Pb)^S". 

Note that all momenta are taken to be outgoing. 

The tree-level four-point scalar amplitude is given by the sum of three diagrams depicted 
in Figure 2. Using the Feynman rules described above, one finds that the amplitude is given 
by 



Aa = 4:g'^S^{P)eabcde'"'^Pa,^Pbu {Pc - Pd) 



KL 



+ 



+ 



{Pa + Pb) (Pa + Pd) (Pa + PcY 



To compare this to the scalar component of the superamplitude, we must sum over all con- 
tractions of the R- indices (for reasons that we explain shortly). Doing so gives 



A4 ~ S'\P)eabcde'"'^Pa,,Pbu {Pc-Pd) 



1 



1 



1 



{Pa + Pbf {Pa + Pdf {Pa + Pcf 



Next, we must express this amplitude in twistor space. Noting that e^'^'^pafj.Pbv {Pc — Pd)\ is 
totally antisymmetric under exchanges of the external legs and recalling that (12) (13) (23) is 
also totally antisymmetric, it follows that 



A~5^(i^)(12)(13)(23) 



1 1 

- + T + 



(4.15) 



To extract the scalar component of the superamplitude in eq.(4.13), we must integrate 
out the fermionic superspace components as well as the harmonic variables. Integrating out 
the harmonic variables extracts the R-singlet piece of the four-point scalar amplitude, as 
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explained in section 3. As a result, we will be left with a sum over all different ways in which 
the R-indices of the external legs can be contracted: 



Recalling the identification in eq.(3.6), this corresponds to integrating out the following com- 
binations of r/'s from the supermomentum delta function appearing in the superamplitude: 

dv}d7^fdrjfd7if + J dri^driidv'^diil + j dii] d7^f dr^f d7^^ + J d7^jdv]dr^fdrj^'^ 5\Q") 

X ( / dridiidrildiil+ / dr]ldr]ldrifdrjf+ / drildigdrildrif + / drildrifdridiA 6^{Q^) 



(4.16) 

where = 6{Q^^)5{Q'^'^)5^{Q'^^)5'^(Q^'^) and we sum over all possible assignments of 

i,j,k,l. There are a total of 4! = 24 assignments of the external legs. For the choice 
{i,j,k,l} = {1,2,3,4}, the integral in eq. (4.16) gives Au^. After taking into account the 
other possibilities (which simply permute the kinematic variables), we find that the scalar 
component of the superamplitude in eq.(4.13) is proportional to 

,3(p) (12)(13)(23)(.^ + t^ + n^) 

^ ' stu ■ ^ ' ' 

Noting that + + = —2{tu + ts + su), this matches the result we obtained from the 
BLG theory in eq. (4.15). 

In conclusion, we see that by imposing symmetry and consistency conditions on the S- 
matrix, we arrive at the four-point amplitude of the BLG theory, which is the only known 
maximal superconformal theory in three dimensions that admits a Lagrangian description. 

4.5 ABJM Four-point Amplitude from BLG 

Our approach can be easily extended to theories with fewer supersymmetries like the ABJM 
theory, which has M = 6 supersymmetry. Whereas the on-shell multiplet in a maximal theory 
can be represented with a single superfield, in theories with less-than-maximal supersymme- 
try, multiple superfields are required to encode the on-shell multiplet, since it is not self-CPT. 
Furthermore, if a lower supersymmetric theory can be embedded in a maximal one, then one 
can obtain the amplitudes of the theory with less susy by truncating the maximal amplitudes 
according to the particle species. Since the particle species are dictated by the on-shell super- 
space variables, truncation corresponds to integrating away part of the superspace variables. 
^ In this section, we will demonstrate that the four-point superamplitude of ABJM (which 
was constructed in [25]) can be derived from the BLG theory by integrating out one of the 
fermionic on-shell superspace coordinates. 



^For a detailed discussion of obtaining lower supersymmetric amplitudes from maximal ones, see [31, 32]. 
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Since the ABJM theory has 5'C/(4) R-symmetry, we can introduce jjjj^ harmonics to 
construct its on-shell superspace by analogy with what we did in section 3. One finds that 
there are three fermionic on-shell superspace coordinates and that the on-shell multiplet can 
be encoded in two superfields: 

where / = 1,2,3 labels the three independent r/'s. Comparing this with eq.(3.4), we see that 
we can identify the two M = 6 superfields as a subset of our A/" = 8 superfield by removing 
one of the four rj's, which we choose to be r]~^~^. This can be achieved either by setting it to 
zero or by integrating it away: 

^V) = Hv)\v++=o, = I dr?++cD(r,). (4.18) 

We can therefore obtain M = 6 amplitudes from M = 8 amplitudes by integrating away 
r/"*"^. Since there are two 77 "^"^'s coming from supermomentum delta function in the four- 
point amplitude in eq (4.13), one needs to choose two legs, rif~^ and Vj''^^ to integrate. This 
corresponds to identifying legs i and j to be in the multiplet carried by Choosing 
i = 2, J = 4 we see that 

J s'tiUL si 

which is indeed the four-point color-ordered superamplitude of ABJM. Hence, if we expand 
our Af = 8 amplitude into different sets of vt^vf^ ^ the coefficients are simply different color- 
ordered ABJM amplitudes.® Interestingly, this implies that the Yangian symmetry found in 
ABJM [25] is also present in BLG. Note that the Yangian generators in BLG are constructed 
from the generators of an OSp(6|4) subgroup of the full superconformal symmetry group 
OSp{8\4:). There is a group-theoretic obstruction to extending the Yangian symmetry to 
OSp{8\4:) [33]. 

Although BLG and ABJM have the same on-shell degrees of freedom, they differ in the 
structure of the gauge group and the R-symmetry. While the gauge group of the former is 
SU{2) X SU{2), the latter can have any U{N) x U{N) as its gauge group. At tree-level, 
different choices of N with N >2 are equivalent, therefore the difference between ABJM and 
BLG is really in the U{1) x U{1) part. Furthermore, if we denote the sum and difference of 
these two U{1) fields by A±, the kinetic term for the gauge fields takes the form A- A dA^ 
and only A^ couples to the matter fields. As a result, the U{1) x U{1) gauge fields do not 
contribute to the ABJM scattering amplitudes. The difference in R-symmetry results in the 
reorganization of external states since, for example, the eight scalars in BLG can be linearly 
combined into the four complex scalars of ABJM [34] . It is therefore not surprising that the 
BLG four-point amplitude can be expressed as a linear combination of ABJM amplitudes at 
tree-level. 

^Note that the structure of the gauge group of ABJM is encoded in the four-index structure constant 
implied by the four-point superampHtude, which is not totally antisymmetric. 
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5. 6D Amplitudes in Supertwistor Space 

In previous sections we've seen how one can glean information about the structure of an 
action through the study of consistent S-matrix elements. In this section and the next two 
sections we will apply the same approach to the case of maximal superconformal theories in 
six dimensions. 

First we give a brief introduction to the spinor-helicity formalism in six dimensions. For 
more details see [12, 13, 35]. In six dimensional Minkowski space, the covering group of the 
Lorentz group is 5'C/*(4). Therefore a vector is in the anti-symmetric representation of 5'C/*(4) 
and the inner product of two vectors is defined as a contraction with the SU*{4:) invariant 
tensor cabcd 

^ yAs = v^%,AB ' '~ -W^^'Pab 

where the S'^'s and S^'s are 4x4 antisymmetric matrices that satisfy the Clifford algebra 
and 

^.AB^CD ^ _^^ABCD^ ^^^''t.cD = -2{5^6% - 5^)- 

For simplicity, we drop the * from now on keeping in mind that the spinors are pseudoreal. 

The six dimensional on-shell massless condition can be solved using chiral spinors. From 
the above relations we see that 

/ = -2eABCD^>''''f'' = 0^^^^ = X^'^X^, (5.1) 

where a and in latter examples a are SU{2) indices.^ The bi -spinor form of the momentum 
solves the on-shell constraint since there are no four-component totally anti-symmetric tensors 
in SU{2). One can also represent the momentum in the anti- fundamental representation: 

liAB = leABCDl^^^ =~XA''~XBi,, X^ a~XAa = 0. (5.2) 

This solution can also be understood by counting components. A null vector in six dimensions 
has five components including a scale factor, meanwhile A"^" has 4x2 = 8 components and 
the SU{2) invariance removes three of them. Since the definition of the little group is the set 
of transformations that leave the null momentum invariant, the SU{2) indices on the spinors 
correspond to the six dimensional little group S'0(4) = SU{2) x SU{2). 

^One can work in other signatures. For example, in the Wick rotated spacetime with Lorentz group 50(3, 3) 
(whose covering the covering group is SL{4,R)), the spinors are real and a, a are SL{2,R) indices. 
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5.1 6D Superconformal Group 

The supertwistors for a maximal superconformal theory in six dimensions with 5'p(4) R- 
symmetry are in the spinor representation of the supergroup OS'p* (8|4): 



c 



Ma 




1^ = 1,.., 8, / = l,-,4, 



1,2. 



The bosonic part of the twistor ^'^^ is an eight dimensional chiral spinor transforming under 
50(2,6) = 50* (8), while the fermionic part rj^"' is a four dimensional spinor transforming 
under USp{A). The six-dimensional chiral spinors introduced in the previous section can be 
viewed as half of the ^'^"'s, which can be decomposed into a pair of six-dimensional chiral 
and anti-chiral spinors [9] . The additional SU (2) index a comes from the fact that the 
representation is pseudoreal, so the spinor and it's complex conjugate form a SU (2) doublet. 
The superconformal generators are represented as 

where one symmetrizes with respect to 5*^(4) indices and antisymmetrizes with respect to 
50(8) and mixed indices. 

The spinors are self-conjugate: 



where r/'^'^, e"^, O^*^ are 50*(8), SU{2), and f/5p(4) metrics respectively. Note that we can 
separate the independent degrees of freedom by their weights in the SU{2) little group, i.e. 
their charges under J^. Then we have 



where e"' = — e '", and (■•^+ can be chosen to carry the independent degrees of freedom. 
Decomposing the twistors into six dimensional spinors one has 

/ A^" \ 

A,B = l,--A 

where A, B are Lorentz indices and a is the chiral part the little group 50(4) = SU{2) x SU{2). 
The canonical commutation relation becomes 

[A^^/.^] = 5^.'^^^/.^, = -^. 

We can once again use the SU{2) weights to pick out the independent pieces 





/a^+\ 










A- 
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At this point we can write the superconformal generators as generators acting on functions 
of A, 77: 



P^^ = X^-XBa (6) 




(16 - 1 = 15) 



(5.3) 



where the numbers in the parentheses are the number of components. One can check they 
indeed generate the superconformal algebra 



The constant in the dilatation operator can be fixed though the algebra in the last line and 
simply corresponds to the mass dimension of the scalar. 

5.2 Polarization Tensor 

In the previous subsection we demonstrated that momenta can be expressed in terms of 
twistors and in the next subsection we will show that the supermultiplet can be encoded 
in a superfield once we construct the on-shell superspace. In order to demonstrate that the 
S-matrix of the M = (2, 0) theory can be completely described using supertwistor space, what 
remains to be shown is that the polarization of the two-form gauge field can be expressed in 
terms of twistors. Recall that the gauge field A^j^i, = —Aj^n = 1,2, • • -5,6) has a field 
strength which satisfies the self-duality relation 



The gauge field has a (linearized) gauge transformation 5A^y = 9[^A^] which one can fix 
using the gauge condition d'^A^^, = 0. We therefore propose the following expression for the 



{Qf, Qj} = P^^'^iJ , {S'a, si} = Kab^ 
[D, P^^] = P^^ , [D, Kab] = -Kab 



,ij 
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polarization of the gauge field: 

V ^ ^r''^'^ = ^ ^" ^ (5.4) 

where is the spinor of some reference null vector. Note that this is similar to the polar- 
ization vector of the on-shell gauge field in six-dimensional sYM [13]. The gauge condition is 
satisfied since the twistors are solutions to the Dirac equation 

Inserting eq. (5.4) into the field strength gives 

F^,^ ^ Fi^BUCDUEF] ^ ^BDEF^iA^C) _ ^ADEF y^(jB yC) _ ^BCEF y^iAy^D) ^ ^AC E F y^iJB yD) 

- 6^^^^Ai^Af + e^^^^Ai^Af ) + e^^^^Ai^Af - e^^^^Ai^A? 
+ e^^^^Ai^Af - e^^^^Af Af - e^^^^A^^Af ^ + e^^^^Af A? . 

(5.5) 

6. 6D A/" = (2, 0) On-shell Superspace 

Since the fermionic twistors 7]^°" introduced in section 5.1 are self-conjugate, we must remove 
half of them in order to construct the on-shell superspace. This can be achieved by choosing 
r]^~^ as our fermionic coordinates (which breaks the SU{2) little group symmetry), or by 
using harmonic variables to project out half of the fermionic twistors (which breaks the R- 
symmetry). We will discuss both choices, although the latter gives simpler results for reasons 
that will become apparent shortly. 

If we choose r/^"*" as the fermionic coordinates, then the USp{4) R-symmetry will be 
preserved and the physical states will be labeled by their representation in the R-symmetry 
group and their weight in the little group SU{2). In particular, the gauge field is spin-1 and 
a singlet in USp{4:), the scalars are spin-0 and a 5 of USp{4) (which can be represented by 
a traceless antisymmetric two-index tensor), and the fermions are spin-^ and a 4 of USp{4). 
This leads to a superfield with the following expansion: 

where ^^"^O/j = and ±,0 indicate the SU{2) weights, i.e. it = ±1 for rj and Afj_^, and 
=b = =bl/2 for ■0. A similar superfield expansion was found in [36]. Since the expansion of 
this superfield begins with the two-form gauge field, the superfield is an R-singlet and has 
spin 1, indicating that it is an on-shell tensor field. 

This choice of the on-shell superspace breaks the SU{2) little group. As a result, the 
following Lorentz invariants may contribute to amplitudes: 

{ijkl) = le^5c^^Af+Af+A^+Af^+, [ijkl] = ^e^^^^A,A+A,B+Afcc+A/z)+. 
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It would be advantageous to avoid these objects, since their behavior is obscure in colHnear 
Umits. On the other hand, these objects wih be absent if we use harmonic variables to 
construct the on-shell superspace, since this preserves the SU(2) little group. Furthermore, 
the Lorentz-invariant objects that appear will be easier to analyze in collinear limits, as we 
demonstrate in section 7.2. We will therefore use harmonic variables to project out half of 
the fermionic supertwistor components, which will then be used as the fermionic components 
of the on-shell superspace. After doing so, we will find that the on-shell superfield is a 
scalar. This is analogous to = 4 sYM, where the on-shell superfield is a scalar in projective 
superspace and a vector in supertwistor space. As a result, the four-point amplitude of A/" = 4 
sYM is simpler in projective superspace, because in supertwistor space one needs additional 
twistors to carry the spin degrees of freedom [37] . 

The harmonic superspace for off-shell J\f = (2,0) supersymmetry was studied in [38]. 
For the case at hand, the harmonic variables will parameterize the coset ^(i'^xf/(i) • These 
variables take the form u\, where the i labels different combinations oiU{l) charges and / is 
the R-index: 

u] = (+, 0), uj = (0, +), = (0, -), u| = (-,0). 
They satisfy the following relation: 

where fi*-' is a 4 x 4 matrix of the form 



= . J • (6.1) 




We can use these harmonic variables to pick out the independent fermionic twistors. If we 
define 

Vl = uWa, Vl = uWa, 

we find that these variables are indeed independent 

^ Wa, Vl} = Wa, V!) = Wa, v!} = (6.2) 

since = 0. We will therefore use these twistors as the fermionic coordinates for our on- 
shell superspace. The bosonic coordinates consist of the A's introduced in section 5.1. In the 
space of (A,r/^,?7^), the bosonic generators in eq. (5.3) remain the same while the fermionic 
ones become 



'■ ~ d d d 



lA ~ 



QXAa ' iA Q^A Q^ia 
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where i = 1,2. Since the selected ry's both carry positive U{1) charges and any amphtude 
can be written as a function of these on-shell coordinates, we will find that amplitudes can 
be conveniently categorized by their U{1) charges. 

Using harmonic variables, the on-shell superfield has the following expansion: 

+{ri')Wi^2a + iv^fr^-'i'ia + ir^^)\v'?r'. (6.3) 

In order to restore the R-index structure, one can observe that since the antisymmetric gauge 
field carries no R-indices, it carries no harmonic variables. This means that the superfield 
carries U{1) charges (+,+). From this information we deduce that 

= r2 = 

(j)"" = ujuj^'-^. (6.4) 

With these identifications we can translate between superspace components and the usual 
components with R-indices. 



7. S-matrix for the 6D TV = (2, 0) Theory 

Now that we've shown the that on-shell degrees of freedom and the generators of the su- 
perconformal group can be conveniently written in supcrtwistor space, we can begin our 
construction of the S-matrix by identifying the fundamental building blocks. 

Lorentz and little group invariance requires all S'[/(4) and SU{2) indices to be contracted. 
For amplitudes with more than three external legs, this requires a supermomentum delta 
function. The case with three external legs is subtle since new variables may arise, as we 
explain in the next subsection. The supermomentum delta function takes the form 

where 

n 
i=l 

i = 1,2, and the sum is over all external lines. The other Lorentz invariant objects are: 

• Sij = 2pi ■ pj 

• <l'^{Pi)AB{Pj)^'^ ■ ■{Pk)EFq^ = q^i^j • • • j4g 
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Note that there can only be an odd number of momenta between g's because we can only 
use eABCD and e^^^"^ to raise and lower SU{4) indices. Furthermore, we do not have spinor 
inner products in six dimensions, i.e. there is no analog of the three dimensional inner product 

With these objects in hand, we may proceed to construct S-matrix elements. Since each 
on-shell superfield carries charge (+1,+1), an n-point S-matrix element should carry charge 
(-|-n,+n). Since the r/'s are the only objects in our twistor space that carry these charges, the 
n-point S-matrix should be proportional to (although there are other possibilities 

when n = 3). The momentum delta function has mass dimension —6 and the constant in 
the dilatation generator contributes a factor of 2n for an n-point amplitude. The remaining 
objects in the amplitude must therefore cancel the 2n — 6 dilatation "charge" accumulated 
so far. We begin with the three-point amplitude. 

7.1 3-point S-matrix 

In six dimensions, the vanishing of Lorentz invariants actually introduces new variables, as 
demonstrated in [12]. These variables (which are only present for the three point amplitudes) 
may serve as additional building blocks. To see this, we write 

s,^ = (A,)^'^(AOf (A,)5i(A,)^, = {nj%a\j,] = detm = 

where we've used ( | to represent A and [ | for A, and the determinant is with respect to the 
SU{2) indices. This implies that the 2x2 matrix (ia|jb] is of rank 1, and can be expressed in 
terms of SU (2) spinors: 

(AOa (Aj)Aa = {ia\ja] = iui)a{uj)a. (7.1) 

The complete definition and some useful properties of these variables are given in Appendix 
C. These variables were used to construct the three-point amplitude for pure Yang- Mills 
theory in six dimensions [12] as well as the M = (1, 1) theory [13]. 

We can try to use the SU{2) spinors to construct a three-point amplitude. Since the 
amplitude carries U{1) charges (-1-3, +3), it must be proportional to 

A3 ~ (56(P)<5^(Ql)5^(Ql)5^(g2)5^(Q2)(^a^l)^6^2) 

Noting that the u's have mass dimension ^, the counting for the dilatation operator is — 6-|-2-|- 
l-|-6 = 3 which means that we need a mass dimension three object in the denominator. Since 
there is no Lorentz-invariant object of odd mass dimension, we see that a superconformal 
three-point amplitude can't be constructed using SU (2) spinors. 

Another possibility is to construct the three-point amplitude using 3 q^^s and 3 q^^'s. 
Since each q has one free index, there are total of six free indices that need to be contracted. 
Furthermore, since the only objects we have to contract these indices are eABCD, e^^'-'^ , and 
the momenta (which carry two SU{4:) indices), it follows that the amplitude must contain a 
factor of the form q\]/iqm- There are three possibilities: 
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• If /c 7^ m, this factor will vanish by the Dirac equation. For example, 



{<A)\j^2)AB{^f 



since {Xir"'{^i)AB = 0. 



• U k = m and i = j, then 



(7.2) 



where we used rj^f^rjf = ^^"''^Vjk''lkc- This factor must vanish because because Ski = for 
a three-point amplitude. 



• If k = m and i ^ j, then using the SU{2) spinors u, u we find: 



Qk hQi\s,k=o = rfkaUku\uiya%rf^^ = 



(7.3) 



where in the last equality we used the fact that ttj = 0. 

We conclude that a rational superconformal three-point amplitude cannot be constructed. 
Note that this result is independent of the signature or complexity of spacetime and is basically 
due to the lack of spinor inner products in the chiral theory. 

7.2 S-matrix for n > 3 

The fact that the three-point S-matrix vanishes implies that any four-point amplitude must 

have vanishing collinear limits, i.e. it's residues must vanish in each channel. In this section 
we will prove that this constraint along with the constraints of rationality and dilatation 
invariancc imply that it is not possible to construct a four-point amplitude. We then generalize 
this argument to show that all tree-level amplitudes must vanish. 

The requirement that a four-point amplitude has (-|-4,-|-4) U{1) charges and Poincare 
invariance implies that it consists of (5^(P), 8 g's, and some Lorentz- invariant function of the 
momenta f{p)- Prom the constraint of dilatation invariance, one finds that the function f{p) 
should have mass dimension -6. If f{p) is assumed to be a rational function, we can take it 
to be a fraction whose denominator is a polynomial of the kinematic invariants s, t, and u. 
Since there are 8 q's in the numerator of the amplitude (each of which has one free index), 
and the only objects we have to contract these indices are e"^-^*-^^, eABCD, and the momenta 
in the numerator of f{p) (each of which has two free indices), there are three possibilities: 

• All eight g's are contracted by two e's and there are no free indices to be contracted by 
the momenta. In this case, dilatation invariance implies that f{p) has the schematic 



form 



5\P)6\Q^)5\Q') 



1 



SijSklSinn 
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• Four of the g's are contracted by an e and the other four are contracted by the momenta 
in the numerator of f{p)- Since there are four free indices to be contracted, there must 
be at least two momenta in the numerator of f{p). In the minimal case, dilatation 
invariance implies that the denominator has four kinematic invariants. Since there are 
only three kinematic invariants available, that means that at least one of them is squared 
giving a double pole. The schematic form for this case is: 

SHP)eABCDS^{Q')6^iQ')S''iQ')6^m^-^^^^. (7.4) 

• All eight q's are contracted by the momenta in the numerator. Since there are eight 
free indices to be contracted, there must be at least four momenta in the numerator of 
f{p). In the minimal case, dilatation invariance implies that the denominator has five 
kinematic invariants. Since there are only three kinematic invariants to work with, at 
least two of them must be squared, so the amplitude should have the form 

j6(p) [S^iQ)]/AB6''{Q)] [6^{Q)^cdS''{Q)] (gmq^q) 

In all three cases, we need at least four 6{Q^^) = qf'' in order to have manifest invariance 
under supersymmetry.^ We will now demonstrate that the residue constraint cannot be 
satisfied in any of these cases. 

First note that a rational function of Sjj's cannot have vanishing residues.^ Thus, if Ski 
appears in the denominator, the numerator must have a term of the form {pk) qj in order 
to give a vanishing residue. This is due to the fact that qj [pk) Qj vanishes when Ski — >• as 
shown in eq.(7.2) and eq.(7.3). On the other hand, q^ {i)k)lm with / 7^ m will not vanish 
when either sik or Skm goes to zero. To see this, consider the four-point amplitude depicted 
in fig. (3). In the limit S12 — 0, the three momenta at each vertex obey on-shell three-point 
kinematics. As a result, we can re-write the object q\ {^2)0^ using the SU{2) spinors u,u 
introduced in section 7.1 (and described in Appendix C): 

i ih) 4\s,,=o = r7L(ll2'^][2,|3'')4u,,=o = r?LnK[2,|3^)4. 

Note that [2a|3'') can't be written in terms of SU{2) spinors because p2 and p^ don't lie 
on the same vertex. On the other hand, if we use eq.(C.2) and note that \k = i\p (since 



®One might think that we need the full 5'^ {Q^)5'^ {Q^) for manifest supersymmetry. However, since each 
fermionic variable ry" has two components from the SU(2) index, 6^{Q) is sufficient to localize the rj's. Indeed, 
the three-point amplitude for Af = (1, 1) super Yang-Mills in six dimensions only has S'^{Q^)5^{Q), where Q, Q 
reflect the (1, 1) supersymmetry [13]. 

®For example, s = — >■ t = —u. Then any vanishing residue has to be proportional to t + u which is just s 
and cancels the pole. 
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Figure 3: Four-point amplitude in the 6d maximal theory. In the limit si2 — > 0, we are probing the 
s-channel residue. 

Pk = —pp), this allows us to write everything in terms of SU{2) spinors: 

= -ivlu'iu%[Ka\3')vl (7.6) 

Furthermore, in Appendix C we show that \upUKa\ = \/— •si4. Hence 

si2 = q\ {p2) qi ~ V-S14 

and similarly 

S'23 = ^ (7l(i»2) ^3 ~ V-S12- 

Therefore q\ {^2) q^ does not vanish on either the s or t channel poles. 

From the above discussion, we see that for every factor of the form sik which appears 
in the denominator of the amplitude, the numerator must have at least one factor of the 
form ql. {^i) qj^ in order to have vanishing residues in each channel. Since this property isn't 
satisfied by any of the three cases listed above we conclude that there is no consistent 
rational four-point amplitude for the superconformal M = (2, 0) theory. 

This analysis can be easily extended to higher-point amplitudes. First of all, an n-point 
amplitude requires 2n g's, at least four of which should appear in a delta function. It follows 
that one can have a maximum n — 2 factors of the form (^;) q-j^ in the numerator of the 
amplitude. Dilatation invariance then implies that we need at least 2n — 4 factors of the 
form Ski in the denominator of the amplitude. The vanishing of all collinear limits then 
requires that n — 2>2n — 4:^n<2. Therefore rationality, dilatation invariance, and 
vanishing collinear limits imply that all tree-level amplitudes must vanish. Since rational 
S-matrix elements probe the structure of the Lagrangian, this leads us to conjecture that the 
six-dimensional theory with 05p*(8|4) symmetry does not have a Lagrangian description (at 
least if one only uses (2,0) tensor multiplets). 

8. Discussion 

In this paper we've established the necessary building blocks for analyzing amplitudes of 
maximally superconformal theories in three and six dimensions. In both cases, we find that 

^"Although some of terms in |^(5'*(Q)j/yiB5^(Q)j will vanish in certain collinear limits, it is not possible for 
all of them to vanish simultaneously. 
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superconformal invariance implies that the three-point amphtude must vanish. This behav- 
ior is genuine and does not depend on the signature or the complexity of spacetime. The 
vanishing of the three-point amplitude puts an additional constraint on the four-point am- 
plitude, notably that it should have a vanishing residue in all channels. In three dimensions, 
we find a unique solution for the four-point superamplitude and verify that it agrees with 
the component result of the BLG model. That the BLG model is selected by our analysis 
provides strong evidence that it is the only three-dimensional theory with classical 05p(8|4) 
symmetry that has a Lagrangian description. 

As described in Appendix A, the BLG theory can be written in terms of a totally anti- 
symmetric four-index structure constant which obeys a generalization of the Jacobi-identity 
called the fundamental identity (see eq. (A.l)). Although the four-point superamplitude that 
we constructed implies a totally anti-symmetric four-index structure constant, our analysis 
does not constrain it to obey the fundamental identity. In four-dimensional Yang-Mills the- 
ory, the Jacobi identity can be derived as a consistency condition of the BCFW recursion 
relations [39]. As we will see shortly, however, the BCFW approach does not work straight- 
forwardly in three dimensions. We anticipate that after deriving the six-point amplitude, 
the fundamental identity will arise as a consistency condition for the amplitude to have the 
correct factorization in all three-particle channels. 

In six dimensions, we are unable to find a rational amplitude that is both superconformal 
and has the correct residues. We therefore conjecture that an interacting six-dimensional 
Lagrangian with classical 05*^(814) symmetry cannot be constructed using only (2,0) tensor 
multiplets, even if the Lagrangian is non-local. A Lagrangian description may exist, however, 
if one includes additional degrees of freedom. One possibility is that these should be closed 
strings which couple to the two-form gauge fields of the tensor multiplets, in which case the six 
dimensional theory is a self-dual string theory [40] . It may also be possible to construct a six- 
dimensional theory with classical 05^(812) symmetry which becomes enhanced to 05p(8|4) 
symmetry at strong coupling using N = (1,0) tensor multiplets, similar to the ABJM con- 
struction in three-dimensions. It is unclear, however, what the gravity dual of such a theory 
would be. Note that the gravity dual of stack of M2 or M5-branes is M-theory on AdS^^ x S"^ 
or AdS^ x S^, respectively. In the ABJM construction, 1/4 of the supersymmetry is broken 
on the gravity side by introducing a orbifold on the seven-sphere and the supersymmetry 
only becomes maximal for k = 1,2, which corresponds to strong-coupling on the field theory 
side. On the other hand, it is not clear how to implement such an orbifold in AdSy x S'^. 

Since the three-dimensional amplitudes are superconformal, one might expect that there 
is a representation in supertwistor space that is similar to the link representation proposed 
for = 4 sYM [6, 7]. Unfortunately, one of the most useful tools in the analysis of four 
dimensional amplitudes, the BCFW recursion relations [4], cannot be straightforwardly im- 
plemented in three dimensions. To see this, note that the BCFW approach requires shifting 
the momenta of at least two legs into the complex plane while keeping them on-shell. In other 
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words, we must perform the shifts Pi ^ Pi + zq, pj — )• pj — zq while imposing the constraints 



Pi ■ q = Pj ■ Q = = 0. 



In three dimensions these constraints imply that q = 0. Even without BCFW to iteratively 
generate higher-point tree amplitudes, one can still use the four-point tree- level amplitude 
to study loop behavior using the generalized unitarity method [43, 44, 45]. An interesting 
question is how unitarity methods for loop amplitudes differentiate between the ABJM and 
BLG theories, since their tree level amplitudes are closely related. Presumably the difference 
will come from the difference in R-symmetry, which manifests itself through the organization 
of the on-shell states summed across the cuts. 

Although we mainly considered maximal superconformal theories in this paper, our ap- 
proach can be easily extended to non-maximal ones like the ABJM theory. In particular, we 
demonstrated that the tree-level four-point amplitude of the ABJM theory can be obtained 
from our M = 8 result by integrating out one of the four fermionic coordinates in the on-shell 
superspace. One can also use our techniques to analyze the possibility of constructing a six 
dimensional interacting superconformal action from M = (1,0) tensor multiplets [41]. This 
theory might be useful for describing phase transitions in six-dimensional compactifications 
of string theory and M-theory [42]. It may also be useful for describing M5-branes, for rea- 
sons explained above. Our methods can also be used to analyze amplitudes of non-conformal 
massless theories such as the world- volume theory for a single M5-brane [46, 47]. 
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A. Review of BLG and ABJM 

The BLG theory is a three-dimensional superconformal Chern-Simons theory with classical 
OSp{8\4:) symmetry. The matter content consists of eight scalars and 8 Majorana fermions. 
It can be written as an 50(4) gauge theory with matter in the fundamental representation 



of SO{4): 



C = --D,X 




a 
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where / =1,...,8, a = l,...,4 are 50(4) indices, D^^X^ = d^Xj^ + gA^abXl, g = \J vr/A;, and 
k is an integer called the level. Note that r^"' = ^ {v^ ^"^^ ~ (-'^^)^) co'[\.- 
ventions of [48]). Furthermore, 7^ are the 3d Dirac matrices and are the Clebsch-Gordan 
coefficients relating the three different 8d representations of the Spin{8). In particular, the 
scalars transform in the 8„ representation and the fermions transform in the 8^ representation 
(although their Spin{8) indices are not written explicitly). Note that the theory is weakly 
coupled when A; ^ 1 and that the gauge field transforms in the adjoint representation of 
50(4), i.e. A^ab = —A^ba- Also note the appearance of the four-index invariant tensor e"''^'^'^. 
This tensor can be interpreted as the structure constant f"-^'^'^ for a so-called 3-algebra which 
obeys a generalization of the Jacobi identity: 

f[abcjd]ef^^Q (A.l) 

where indices are raised and lowered using the three-algebra metric hab = Sab- This formula is 
referred to as the fundamental identity. It has been proven that if hab is positive-definite, then 
the only totally antisymmetric structure constant which satisfies the fundamental identity is 
^abcd j^gj_ ^^lis gensc, the BLG theory is unique. 

Three- algebras are a generic feature of superconformal Chern-Simons theories. In par- 
ticular, the fundamental identity follows from the closure of supersymmetry. Although there 
is only one three-algebra with positive-definite metric that gives M = 8 supersymmetry, if 
one considers three-dimensional theories with lower amounts supersymmetry, one finds a lot 
more possibilities. For example, there is an infinite family of three algebras corresponding to 
the ABJM theory, which has M = 6 supersymmetry and gauge group U{N) x U{N). In this 
case, the four-index structure constant is complex, not totally antisymmetric, and satisfies a 
slightly more general version of the fundamental identity [50]. 

Since 50(4) ~ SU{2) x SU{2), the BLG theory can also be expressed as an SU{2) x 5f/(2) 
gauge theory, where the matter transforms in the bi-fundamental representation of the gauge 
group [51]: 

C = Tr[-D^X^^D''X^ + iip'y''Df,ip 

3 V / 3 

where D^X^ = d^X^ + ig (^A^X^ — X^ A^^ . Note that the gauge fields A^ and A^ are 
associated with each SU{2) and appear with opposite signs in the action. For this reason, 
the BLG model is referred as a twisted Chern-Simons theory. The fields can be expanded in 
terms of generators as follows: 

X^ = X^^f"", A^ = Aj^T^, = Aj^T^ 
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where a = 1,2,3,4, and j = 1,2,3. Note that there's a similar expression for the spinors. 
Explicit formulas for the generators are 

-'^(;;)' 

2 ' 2 ly 

Using this formulation of the BLG theory, one can define color-ordering in scattering ampli- 
tudes, as demonstrated in the next Appendix. 

The ABJM theory can also be written as a three-dimensional twisted Chern-Simons 
theory with bi-fundamental matter. Since it shares several features in common with the BLG 
theory, we will only describe the action schematically. For more details see [16, 34]. The field 
content consists of four complex scalars Z"^ and four Dirac fermions tpA transforming in the bi- 
fundamental representation of U{N) x U (N) (with A running from 1 to 4), as well as two U {N) 
gauge fields and A^. The matter fields transform in the fundamental representation of the 
R-symmetry group S?7(4) and their adjoints transform in the anti-fundamental representation 
of SU{A). For < A^, the theory is dual to M-theory on AdS4^ x and for A; <C A <C A;^ , 

it is dual to type II A string theory on AdS^ x CP^. For k = 1,2, the theory is conjectured to 
have M = 8 supersymmetry, unlike the BLG theory which has maximal supersymmetry for all 
values of the level. It is interesting to note however, that one can gauge-fix the ABJM theory 
to have SU{N) x SU{N) x gauge symmetry, where — )• g^Tri/fc^/ under the discreet 
gauge group. Furthermore, if one neglects the discreet gauge group and sets A = 2, it can 
be shown that one retrieves the BLG theory. 

B. BLG 4-pt Using Bi-fundamental Notation 

The interaction terms needed to compute the tree-level 4-pt scalar amplitude are 

Qnt = igTr (^X^^A^d^X^ - d^X^^A^X^ + d^X^^X^A^ - X^^d^X^A^^ (B.l) 

where g = ^/ir/k and k is the level. 

In field theories where the fields are matrices, it is convenient to draw Feynman diagrams 
using double-line notation which indicates how the matrix indices are contracted. At the 
same time, these diagrams can be factorized into a color factor and a color-ordered Feynman 
diagram which can be represented using single-line notation. The color-ordered propagators 
for the gauge fields are depicted in Figure 4 and are given by 

±[e,.xp 

where +/— corresponds to A^/A^ and ^ is a gauge- fixing parameter. The color-ordered 
Feynman diagrams associated with the 3-point interactions in equation Eq B.l are depicted 
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— < — 



Figure 4: Color-ordered propagators. The gauge field is represented by a wavy line and the gauge 
field is represented by a curly line. 




Figure 5: Color-ordered 3-point vertices. The first diagram corresponds to the first two terms in Eq 
(B.l) and the second diagram corresponds to the third and fourth terms in Eq (B.l). 




Figure 6: 3-point vertices in double line notation. Note that there are two types of lines since the 
gauge group is SU{2) x SU{2). The color factor for the first diagram is T'^T"'^ and the color factor 
for the second diagram is T'^^T'^. 



in Figure 5. They are given by 



where the -|- corresponds to the vertex and — corresponds to the A^ vertex. Note that 
all momenta are taken to be outgoing. The double-line version of the 3-point vertices is 
illustrated in Figure 6. 

To compute the tree-level scattering amplitude, we only need to consider the planar 
diagrams depicted in Figure 7. The full amplitude is then given performing non-cyclic per- 
mutations of the external legs. In total, there are 24 diagrams. Furthermore, each diagram 
factorizes into a trace and a color-ordered Feynman diagram which can be evaluated using 
the color-ordered Feynman rules described above. For example, the first diagram in Figure 7 
is given by 



paPi {Pc - Pdy_ 

2 



iPa + Pb) 

and the third diagram in Figure 4 is given by 
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Figure 7: Planar diagrams contributing to tree-level 4-pt scalar amplitude. 
Non-cyclic permutations of the external legs correspond to {Jb,Kc,Ld) -> 
(Kc, Ld, Jb, ) , {Ld, Jb, Kc, ) , {Kc, Jb, Ld) , {Jb, Ld, Kc) , {Ld, Kc, Jb). 



{Pa + Pb) 

Performing the non-cyclic permutations and noting that 

Tr ( J""^ J'^t2^c^dt\ rp^ ( rjia]rjibrjic]rj,d\ \ abcd 

V ; V 7 8' 

one finds that the 4-pt amplitude is given by 

Aa = 4.g^dHP)eabcde^''^Pa^ 



glJ^KL Pbu {Pc-Pd)x _^ ^IL^Kj PduijPb-Pc)x _^ ^IK^JLPcu {Pd - Pb) x 



iPa + Pbf {Pa + Pdf {Pa + Pcf 

which matches the result we obtained using 50(4) notation if one notes that e^'^^Pa^iPbv {Pc — Pd)x 

e^^^PafiPdu {Pb - Pc)x = (^'"'^PafiPcu [Pd " Pb)x- 

C. SU(2) Spinors for 6D 3-pt Amplitudes 

It is well known that for the 3-pt amplitude, momentum conservation and on-shell conditions 
lead to vanishing Lorentz invariants: 

Pi + P2 + P3 = Pi • P2 = Pi • P3 = P2 • P3 = 0. 

As discussed in [12], this leads to a vanishing determinant of the inner product between a 
chiral and an anti-chiral spinor in six dimensions 

{Pif^{Pj)AB = ^ det{ia\ja] = 0. 
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Since the 2x2 matrix (ia|jd] has rank 1, it can be written in terms of SU{2) spinors, i.e. 
(^b]ad = UiaUja- Consistently defining the SU(2) spinors for all Lorentz invariants gives 

(la|2j = UiaU^b, (2a|lf,] = -U2aU^i, 
(2a|3j = U2aU^h, (la|3f,] = -UlaU^^, 
(3a|lj,] = UsaU-^^f^, (3a|2j,] = -U^aUr^i,- 

(C.l) 

One important property of these SU(2) spinors can be derived from momentum conservation, 

[Ai • {pi +P2 +P3)]a = ^ (la|2^][2^U + (la|3i[3iU = 

^ 4[2,\a = 4[3c\a = uiiUA- (C.2) 



Another useful identity is \uk ■ up\ = -y/— si4, which holds in the collinear limit of the four 
point kinematics depicted in fig. (3). This can be proven as follows: Consider the following 
object: 

(4a|p3Pl|4d] = M4a?i3[3^|pi|4d] 

= M4a'(if[4^|Pl|4d] = U4aU4aSl4- (C.3) 

On the other hand, one can also deduce 

(4a|P3Pl|4d] = UiaUK[K^\pi\4:a] = iu^aUxiPdlPll'^d] 

= iUia{uK ■ np)n5(lfe|4a] = iU4a{uK ■ Up)u^p{Pb\4.a] 

= -U4aUia{uK ' Upf . (C.4) 

Comparing eqs.(C.3) and (C.4) gives 

\uk ■ Up\ = ^J-Sli. (C.5) 



'^We thank Donal O'Connell for discussion of the proof of this identity. 
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